Fourier Transform
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Jean Baptiste Joseph Fourier

Any Periodic Function can be rewritten as a Weighted Sum of Infinite
Sinusoids of Different Freguencies.

llias TOUGUI



Sinusoid

f(x) = Asin(2rnux + @)

f(x)

A i

A: Amplitude T: Period
¢: Phase u: Frequency (1/T)
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Fourier Series

11 Square Wave

(Period 2m)

Sum of First T (o [™
8 Sinusoids |

LAAAARAALL RAAARANRAARRAARAR ARAAA FETTITITII I o T al
A AAAAALALA AL AR AR AL L + YT, " ryyyyyym + WAVAAYYAAAAAAAAVAAAY + AR AAMALALLIA LI ddaddansansnnn

llias TOUGUI



Frequency Representation of Signal

3 Amplitude 3 Phase

—-1

o
2
u

L—ﬂ hTTTTTmnm il z %

The Frequency
domain
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Fourier Transform Online Visualizer
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https://tomasboril.cz/fourierseries3d/en/
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Fourier Transform (FT)

| - | - $ Amplitude n Phase
rﬁ . = A
L—* { hTTTTmmm " 2 T

Represents a signal f(x) in terms of Amplitudes and Phases of its
Constituent Sinusoids.

f(x) — FT — F(w)
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Inverse Fourier Transform (IFT)

| B | - f: Amplitude " Phase
F . €= M
L‘*_i — hTTTTTT‘I’mm i lll“lll

Computes the signal f(x) from the Amplitudes and Phases of its
Constituent Sinusoids.

f(x) < IFT [=— F(w)
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Finding FT and IFT

Fourier Transform:

F(u) = fmf(x)e'izmxdx

Inverse Fourier Transform:

CO

f(x) =f F(u)e?™*dy

x: space

u: frequency

el = cos@ +isinf

i =+v-1



llias TOUGUI

Finding FT and IFT

Fourier Transform:

F(u) = foof(x)e‘iznuxdx

Inverse Fourier Transform:

CO

f(x) =f F(u)e?™*dy

x: space

u: frequency

el = cosO +isinf

i=+v-1
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Complex Exponential (Euler Formula)

et? = cos@ + isin 6 =V —=1

Expand e’ using Taylor Series:

(0)2 , (6)® | (O)* | (i6)S |, (i6)"
2!+3!+4!+5!+6!

el =1+i0 +

T e
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Complex Exponential (Euler Formula)

et? = cos@ + isin 6 I =vV—1

Expand e’ using Taylor Series:

(u9)2 (i6)° | @e)* | (@6)°> | (i6)°

=140 + + = -+ & -+ ] + = y i
Then: 2 4 6 o 5 7
elf — 1_9__|_9 0 + ... 9_9_ .|_9 i + ...
2! 4] 6! 3! 5! 7!
cos @ sin &
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Fourier Transform is Complex!

F(u) holds the Amplitude and Phase of the
sinusoid of frequency u.

F(u) = foof(x)e“'z’mxdx

F(u) =Re{F(uw)} + i Im{F(u)}

Amplitude: A(u) = Re{F(w)}? + Im{F(u)}?

Phase: @(u) = atan2(Im{F(w)}, Re{F(w)})
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Fourier Transform Examples

Signal f(x)

-~
)
(!

f(x)

f(x) = cos2mkx

Fourier Transform F(u)

Re{F(u)} The Real part of
the spectrum

Fw) =5[6(u+k) + 6(u— k)]
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Fourier Transform Examples

Signal f(x)
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f(x) = cos2mkyx +
cos 2k, x

Fourier Transform F(u)

Re{F(u)} The Real part of
the spectrum
—k; —ky | ky ko U

F(u) =3 [6(u+ky) +8(u—ky)
+ S(u+ky)+6(u—ky)]
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Fourier Transform Examples

Signal f(x)

f(x) = sinZmlkx

Fourier Transform F(u)

Im{F (u)}

T —

The Imaginary part of
the spectrum

F(u) = %i[c?(u + k) —6(u—k)]
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Fourier Transform Examples

Signal f(x)

f(x)

flx) =1

Fourier Transform F(u)

Re{F(u)}

F(u) = 6(u)

The Real part of
the spectrum
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Fourier Transform Examples

Signal f(x)

F(x)

f(x) = 6(x)

Fourier Transform F(u)

Re{F(u)}

E(u)=1

The Real part of
the spectrum
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Fourier Transform Examples

Signal f(x)

f(x)

|

T(x) = Rect(;)

Fourier Transform F(u)

Re{F (u)} The Real part of
/T the spectrum

—
—

F(u) = TsincTu
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Fourier Transform Examples

Signal f(x)

f(x)

flx) =e
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Fourier Transform F(u)

| RelF ()} The Real part of
,' the spectrum

F(u) =+m/a g~ U /a
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A visual introduction

Signal

Winding &) £

L

TranSformMW
19:42

https://youtu.be/spUNpyF58BY ?si=pW-gMWyXnc_kQBfQ
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Properties of Fourier Transform

Property

Spatial Domain

Frequency Domain

Linearity

Scaling

Shifting

Differentiation
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afi(x) + ffa(x)
f (ax)
fx—a)

dn
T (F(x))

afFy(w) + BF(w)

e —L'21ruaF (u)

(i2mu)™F (u)
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Recall: The Convolution

The convolution of two functions f(x) and h(x) is:

9(0) = F(x) * h(x) = f F(Oh(x — 1) d

f(@)

f(x) * h(x) Alx—~1)

LSIS implies Convolution and Convolution implies LSIS
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The Convolution Theorem

Spatial Domain

Frequency Domain

gx)=f(x)*h(x) <> G =Fu)HW
Convolution Multiplication
g(x) = f(x) hilx) «—> G(u)=F)*HW)

Multiplication
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Convolution



Convolution and Fourier Transform

The Spatial domain

S~ g = f@) * k@)

t | |
IFT £l FlL

| ! |
/ Gw) = F x HW

The frequency domain
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Gaussian Smoothing in Fourier Domain

- _

X X

Noisy Signal f(x) Gaussian Kernel n,(x)

Convolve the Noisy Signal with a Gaussian Kernel
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Gaussian Smoothing In Fourier

~\ . I\

Domain

X

X

Noisy Signal f(x) Gaussian Kernel n,(x)
| |
FT Fl
| !

|F ()

Noise frequencies /
)

INo (u)]

\ Low Pass Filter

'i ~—u

F(u) Ny (u)

u
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Gaussian Smoothing in Fourier Domain

‘ IF(u)]

INe ()]

X / Noise frequencies /\ i o Pacs Fikor
| 2
W

1 u
|

u

F(u) Ncr (H)
X
¢
|F(w)H ()|
Most of the noise is gone
F(u)H (u)
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Gaussian Smoothing in Fourier Domain

|F(w)H ()]

'4

the noise is gone !

F(u)H (u)

IFT

v

Gaussian Blurred Signal g(x)

a clean filtered signal !
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Image Filtering in the
Frequency domain

Introduction to Computer Vision
https://liaoux.github.io/uir-cv-2026/ Spring 2026, Lecture 2.4
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2D Fourier Transform: Discrete Images

Discrete Fourier Transform (DFT):

M-1N-1

f[m Tl —i2npm/M p—i2mqn/N B
g=0..N—1

m=0n=

p and g are frequencies along m and n, respectively

Inverse Discrete Fourier Transform (IDFT):

M-1N-1

f[m n] i Z Z F[p LZ?Ipm/M 12rtqn/N
M J

m=0.M-1
n=0.N-1
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2D Fourier Transform: Simple images

f(m,n) log(IF(p, @)1)

/

cosine function

llias TOUGUI
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2D Fourier Transform: Sim

nle Images

f(m,n) log(|F(p, 9)|) g(m,n) log(IG(p, q)|)

/

cosine function
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N

cosine function
with higher frequency
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2D Fourier Transform: Simple images

cosine function cosine functlon
with higher frequency
7 P
Sum of two cosine |
functions f(mn) +g@mn)  log(IF(,q) + G(p,q)])
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2D Fourier Transform: Binary images

f(m,n) log(IF(p, )1)
Line
N\ ot Edge frequencies
Recall: The further you
get from the center, the
higher the frequencies
: become.
Circle
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2D Fourier Transform: Natural images

f(m,n) log(IF(p, q)I)

Rubik’s cube e -\ Edge frequencies

Recall: The further you
get from the center, the
higher the frequencies

. become.
Mandrill
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2D Fourier Transform: Complex images

log(IF(p, @)1

Camera man Edge frequencies

Recall: The further you
get from the center, the
higher the frequencies

. become.
Noise
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Low Pass Filtering

f(m,n) log(IF(p, q)I)

Rubik’s cube Edge frequencies

Recall: The further you
get from the center, the
higher the frequencies

become.

Min HEEEEE | Max
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Low Pass Filtering

f(m,n) log(|1F (p, 9)1)

Rubik’s cube m ::> *

IFT

Edge frequencies

Cut out high frequencies
and keep low frequencies

we have artifacts/

caused by the edges
of the low pass filter
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Severe Low Pass Filtering

f(m,n) log(IF(p, Q1)

FT
Rubik’s cube |::>
‘ IFT
-

Min B | Max
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Edge frequencies

Severe low pass
filtering
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More Severe Low Pass Filtering

f(m,n) log(IF(p, Q1)

FT
Rubik’s cube i l ::>
More severe low pass
Fully blurred Rublk s Cube filtering

Min I | Max
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High Pass Filtering

f(m,n) log(IF(p, q)I)

ET i
Rubik's cube ::> _*. |

Edges begin to appear

Edge frequencies

Cut out low frequencies
and keep high frequencies
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Severe High Pass Filtering

f(m,n) log(IF(p, q)I)

FT
Rubik’s cube i l ::> . _*.... .
IFT
<:| Cut out low frequencies
Only the edges were kept and keep high frequencies

Min B | Max
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Edge frequencies
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Gaussian Smoothing using Fourier Transform
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Gaussian Smoothing using Fourier Transform
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Gaussian Smoothing using Fourier Transform
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Gaussian Smoothing using Fourier Transform
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Importance of phase

FT IFT

Y 7

Magnitude Preserved,

Original Image Phase Set to Zero
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OPPENHEIM, Alan V. et LIM, Jae S. The importance of phase in signals.
Proceedings of the IEEE, 1981, vol. 69, no 5, p. 529-541.
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Importance of phase

o

o Magnitude Preserved,
Original Image Phase Set to Zero Recovered image

OPPENHEIM, Alan V. et LIM, Jae S. The importance of phase in signals.
Proceedings of the IEEE, 1981, vol. 69, no 5, p. 529-541.
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Importance of phase

o

o Magnitude Preserved,
Original Image Phase Set to Zero Recovered image

IFT

J

Phase Preserved,
Magnitude Set to Average
of Natural Images

OPPENHEIM, Alan V. et LIM, Jae S. The importance of phase in signals.
Proceedings of the IEEE, 1981, vol. 69, no 5, p. 529-541.
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Importance of phase

Phase Preserved,

Magnitude Preserved .
- ' _ Magnitude Set to Average
Original Image Phase Set to Zero Recovered image gof Natural Images .

OPPENHEIM, Alan V. et LIM, Jae S. The importance of phase in signals.
Proceedings of the IEEE, 1981, vol. 69, no 5, p. 529-541.
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Recovered image
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Importance of phase

FT IFT
Original Image & i\ Recovered image i\ Recovered image

Phase Preserved,
Magnitude Set to Average
of Natural Images

Magnitude Preserved,
Phase Set to Zero

OPPENHEIM, Alan V. et LIM, Jae S. The importance of phase in signals.
Proceedings of the IEEE, 1981, vol. 69, no 5, p. 529-541.
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Phase vs Magnitude

Magnitude

e Represents the amplitude/strength of each frequency .
component .

e Contains information about how much of each
frequency is present; geometrical structure of .
features

* Shows energy distribution (bright = strong frequency, .

DC component brightest at center)
Reconstructing the magnitude alone is
unrecognizable, severe dynamic range problems

Phase

Represents the spatial location/position of features
Contains here edges and structures are located in
the image.

Looks like random noise when displayed, but
encodes all spatial information

Reconstructing the phase alone is degraded but
somewhat recognizable

Both are required for perfect reconstruction, but phase encodes spatial locations (where features
are) while magnitude encodes intensity (how strong frequencies are). Phase is typically more

important for human recognition.

llias TOUGUI

53



Low Freq Only

High Freq Only
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Hybrid images
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Low Freq Only

High Freq Only

llias TOUGUI

Hybrid images

Hybrid (Sum) Image
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.
Low Freq Only

High Freq Only

lias TOUGUI

Hybrid images

Hybrid (sum) image
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Why we see it that way ? PSF of Human Eye

The point-spread function (PSF) of the lens of the eye of a human eye acts as a low pass filter

Distant Star Human Point Spread Function
5(x,y) 1 Eye > (PSF)  h(x,y)

0.15° 0.1° 0.05° 0° 0.05° 0.1° 0.15°

B
Human Eye PSF
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